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PERMUTATION MODEL FOR SEMI-CIRCULAR SYSTEMS AND QUANTUM RANDOM WALKS
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We give an approximation model for semi-circular families of non-commutative random variables, which is based on the permutation group. This model is compared to the random matrix model of Voiculescu, and a common refinement of the two approximations by explicit matrices with 0-1 entries is exhibited.
Introduction.
The recent theory of semi-circular systems, introduced by D.Voiculescu [16] has proved to be a very efficient tool in the theory of free group factors (see e.g. [13] and the references therein), mainly due to the fact that semicircular systems can be approximated by gaussian random matrices [17] . It is thus an interesting problem to try to find other simple approximations of semi-circular systems. In this article we introduce such an approximation, which is based on permutation groups.
Let us describe briefly the key fact which is at the basis of this approximation. Let Θ n+ i be the permutation group of {0,1,... , n}, and for 1 < k < n, let τ k £ Θ n+i be the transposition which exchanges 0 and fc, and denote again by τ k the corresponding left translation operator on L 2 (Θ n+ χ), then the trace of the spectral measure of the operator -7^(τχ +... + τ n ) converges, as n goes to infinity, towards the semi-circle distribution. This fact is a consequence of Theorem 1 below.
In the second part of the paper, we show how this permutation model is related to the gaussian random matrix model of Voiculescu. We first describe a convenient way of obtaining a gaussian hermitian matrix, which is to let a brownian motion evolve on the set of hermitian matrices. This brownian motion was first studied by Dyson, after Wigner's work on the semi-circle law. We show that the evolution of the spectrum of a brownian hermitian matrix is very much linked to the theory of tensor product representationsof the unitary groups. This enables us to approximate in law a hermitian random matrix by explicit finite dimensionnal matrices. This gives us a family of finite dimensionnal matrices depending on two integer parameters n and d. The random matrix model of Voiculescu is obtained when we let n go to infinity first and then d go to infinity. The permutation model is obtained when d goes first to infinity, and then n does.
For i G /, let e*, e 2 L ,... , e™,... be an enumeration of the elements of E L , and let r™ , for n G N be the element in L(E) which corresponds to the transposition (J, e™).
Let α™ = -4= Σ^=i T* £ ^(-^)J an( l 1^ ( α J*e/ be a semi-circular system in some non-commutative probability space (A,φ).
Theorem 1. TΛe law of the family of random variables (a™) te j in (L(E),tr)
converges towards the law of (a t ) LeI as n goes to infinity.
1.2.4.
Before we proceed to the proof of the theorem in Section 1.3 we shall make some comments on this result.
For each ε G E' let G ε be a copy of the group Z/2Z, let v ε be the non trivial element of G ε and let G -* εeE >G ε be the free product group. There is a surjective morphism G -ϊ&(E) which sends v ε to the transposition (5, ε). The elements v ε in the factor generated by the left regular representation of G form a free family and if we replace in the definition of a n L the transpositions (#, ε) by v ε the Theorem 1.2.3 remains true, as follows from Voiculescu's central limit theorem ( [15] ).
More generally, let if be a group with generators (θ ε ) εeE ι satisfying θ 2 -e and such that there are surjective morphisms ξ : G -) > H and ζ : H -ϊθ(E) with ξ(v £ ) = θ ε and ζ(θ ε ) -τ e , then the theorem remains true if we replace r ε in the definition of a n L by θ ε considered as a left translation operator on L 2 (H). This means that, in some sense the relations between the transpositions (5, ε) for ε G E' "do not commute too much". This sentence may be clarified by the following remark. The transpositions (0, k) for 1 < k < n form a system of generators of the permutation group of {0,1,... , n}. Observe that, if we take as generators of this permutation group the transpositions t k -(&, k + 1), for 0 < k < n -1, then the limit as n goes to infinity of the trace of the spectral measure of the operator ~τ=(£i 4-. + t n ) is the gaussian law.
Proof of the Theorem 1.
1.3.1. Let us first recall how to evaluate moments of semi-circular systems.
Definition.
A partition p -(Vi,... , Vι) of the set {1,... , m} is called crossing if there exists 1 < fci Φ k 2 < I and Ui^Vx G Ϊ4 15 ^25^2 £ Vk 2 suc h that Uι < u 2 < Vι < v 2 , and non-crossing in the opposite case.
This definition occurs in Kreweras [8] , see also Speicher [14] where noncrossing partitions are called admissible. For the Only if part of the lemma, let I be the greatest number such that ε m _/,... ,ε m are all different elements of E' (one has / < ψ because the partition is composed of pairs), and suppose ε m _/_i = ε r with r > m -/, then the permutation r £rn _ ι _ 1 r £τn _ ι .. .r £τn does not leave ε r fixed (because it sends ε r to ε r _χ). Since the permutation r £ι r £2 ... τ £rrι _ ι _ 2 does not contain any factor τ £r it leaves ε r invariant, and so the product τ εi τ £2 .. .τ £rn cannot be the identity. We deduce from this that necessarily if r £l r £2 ... τ £m = e then ε m _/_i = ε m _/, so that τ £l τ £2 ... We call such a sequence a p-sequence.
Recall that the quantity tr(r £l ... r £rn ) is equal to 1 if τ εi ... r εm = e and 0 in the other cases.
To each sequence ε\,... , ε m in E' let us associate a partition of {1,.,. , m} as in 1.3.2. Let p be a partition of {1,... ,ra} such that in each set there are at least 2 elements and in at least one of the sets there are strictly more than 2 elements, this partition is composed of at most w γ^-sets, so that the number of p-sequences ε i5 ... ε m whose associated partition is p, is less than n 12^" . The contribution of such sequences to the expression (1) is therefore negligible as n goes to infinity.
On the other hand, by Lemma 1 and 2, the p-sequences for which the associated partition contains at least one singleton, or which are crossing, give a contribution equal to 0, so that it remains to count the contribution of the p-sequences whose partitions are non-crossing and composed of sets of cardinal 2.
Let p = ({&i, & 2 },... , {fc m -i 5 &m}) be a non-crossing partition of {1... , m} composed of pairs. If there exists an I such that i(k 2 i-i) φ ι>{k 2 \) then there is no p-sequence ε x ,... , ε m such that ε& G J5 A (Λ) for 1 < k < m and whose associated partition is p. If *>(&2/-i) = ^(&2/) for 1 < / < y then for n > ψ the number of sequences S\,... ε m with associated partition p, such that 6fcG e ί(jψ 5 ^Γ(fe) [ for 1 < A; < 772 is comprised between the two numbers
andn?. From this we deduce that tr (αj (1) ... α£ m) ) -> card |p G PncMltίfei-!) = t{k 2l ) for 1 < Z < y | (j (1) ... ) | as n goes to infinity. In view of 1.3.1, this proves the Theorem 1.
Relation with the gaussian matrix model.
We will now show how the permutation model introduced in the preceding paragraph is related to the gaussian matrix model of Voiculescu. For this we will firstly describe a dynamic way of obtaining a random gaussian hermitian matrix, by letting a brownian motion evolve on the space of hermitian matrices.
Brownian motion on hermitian matrices.
2.1.1. The brownian motion on hermitian d x d matrices was studied by Dyson [5] after the work of Wigner on gaussian matrices and the semi-circle law ([18] ). This is a stochastic process X(t) = (X jk (t)) 1<:j k<d for t e IR+ such that for 1 < j < k < c?, (X^k(t)) R are independent complex brownian motions, X jk (t) = X(t) h i, the processes X jj (t) are independent real brownian motions for 1 < j < d, and the variances are given by £? [|X jfc 
Dyson investigated the stochastic process (λi (ί),... , λ d (t)) ίeR+ whose components are the eigenvalues in increasing order of the matrix X(t), and showed that it behaves like "a gas of brownian particles subject to repulsive Coulomb forces". This means, as shown by Mac-Kean [9] , that this process satisfies a stochastic differential equation of the form the processes Bj being independent brownian motions, or equivalently, that it is a diffusion process with generator |Δ -J-gradLog W, Δ being the usual Laplacian, V the gradient operator and h the function h(λ) = Πi<Λ<j<d(λ, -λfc) (cf [6] ). If we observe that the function h is positive, harmonic on the domain Ω = {λ € R d |λj > λ k for j > k} and vanishes on its boundary, (see Lemma 3 below), then this generator can be put in the form ^Δ(/ι.) where Δ is the Laplacian on the domain Ω with Dirichlet boundary conditions. Probabilistically, this means that the process (λ(t)) ίGR+ is obtained from brownian motion on R d by a killing at the boundary of Ω followed by taking an /i-process in the sense of Doob (cf [4] ) with respect to the positive harmonic function h. Furthermore, one can show that this harmonic function is minimal, and corresponds to the unique Martin boundary point at infinity of the domain Ω. Proof. The semi-group of brownian motion killed at the boundary of the cone is given by the formula Σ σ €Wd sgn(σ)P ί (x,σ(y)), (here W d is the Weyl group, that is the permutation group on d letters acting on the coordinates of R d ) as follows from the reflection principle, and the result is a consequence of Doob's definition of /i-processes. D
2.1.2.
For our purposes, it will be more convenient to deal with brownian motion on traceless hermitian matrices. This is the orthogonal projection of the process (X(t)) te^+ on the set of d x d matrices with zero trace.
The process of eigenvalues of such a brownian motion is the orthogonal projection of the process (λ t ) ίGK+ on the set of elements of R d which verify Σj Xj = 0. It is again obtained from brownian motion on the cone domain jλ G R d \λj > X k for j > k and £\ λ^ = θ} by a killing at the boundary of the cone, followed by an /ι-transform with respect to the harmonic function h restricted to this cone.
Quantum random walks.
In this section we shall describe a discrete non-commutative approximation of brownian motion on hermitian matrices, with the help of quantum random walks. More details about these processes can be found in [2, 10] .
Let G be a compact group, and υN(G) be the von Neumann algebra generated by its left regular representation. For g G G call X g the corresponding element of vN(G). Let φ be a continuous positive type function on G, with φ(e) = 1 where e is the identity element in G. This function defines a state μ on vN(G) caracterised by μ(X g ) = φ(g), and a completely positive map T : υN(G) -> vN(G) by the formula Q(X 9 ) = φ{g)X g .
Let W be the von Neumann algebra generated by the GNS representation of the infinite tensor product υN(G)®°° with respect to the infinite product state ω = μ Θo°, and j n : vN(G) ->Wbe the morphisms defined by jo{X 9 ) = Idw and j n {X 9 ) = Xf n ® Id ® ... ® Id ® ... for n > 1. The family of maps (in)nGN is called a quantum random walk. They form a dilation of the semi-group of completely positive maps (T n ) nG^, which means that for each n G N there is a conditionnal expectations E n from W onto the von Neumann subalgebra generated by the image of jo?ii? >im an d these conditionnal expectations satisfy the "Markov property" E m oj n = j m oT n~m for m <n. The semi-group (T n ) n€ N is a non commutative analogue of a Markov semigroup. It is a convolution semi-group for the Hopf-von Neumann algebra structure of υN(G) and the dilation (j n ) n eN is the analogue of a Markov process associated to this semi-group, which is a "non-commutative process with independent increments" (see Schύrmann [12] ).
Let Z(υN(G)) be the center of vN(G)
. By Peter-Weyl theorem, this algebra is isomorphic to L°° (Γ) where Γ is the set of equivalence classes of irreducible representations of the group G. The restrictions of the maps j n to Z(vN(G)) take value in a commutative von Neumann subalgebra X" of W.
If the function φ is central, then the maps T n send Z(υN(G)) into itself. Since they are completely positive maps, using the Peter-Weyl isomorphism X : Z{υN(G)) -> I/°°(Γ) we see that they give rise to a Markovian semi-group (<2 n )neN on the set Γ, by the formula Q n = χ o T n o χ-1 . For n G N, let Λ" n be the von Neumann algebra generated by the images j k (Z(vN(G) )) for 1 < k < n, then the conditionnal expectation E n maps X onto Λ* n . Since the algebra X is abelian there is a probability space (Ω, T, P) with a filtration ( ? Γ n)nGN and random variables X n with values in Γ, adapted to the filtration T n which form a Markov process on Γ with semi-group (Q n ) n eN 5 there is an isomorphism U : X°°(Ω, ^,P) -> A' such that C/(L°°(Ω 5^n ,P)) = Af n , the restriction of E n to Λ* is equal to {7oJS[.|.7 We can summarize this by saying that, in the case of a central function 0, the construction in 2.2.1 of a quantum random walk gives a (commutative) Markov process on the set of classes of irreducible representations by restriction to the center. It is not difficult to prove, using standard weak convergence arguments (see Pitman [11] for the case of SU (2)), that the process (^) (where
denotes the integer part of x) converges in law (on the usual Skorokhod space cf Jacod, Shyriaev [7] ) towards the law of the motion of eigenvalues of the brownian motion on traceless hermitian matrices, which was described in Section 2.1.2. We shall state below (Sect. 2.2.4) a result which extends this convergence to include the whole quantum random walk, at the cost of obtaining only convergence of moments. If P is a polynomial function, and α E R, let P a be the polynomial function obtained by scaling the variables by a factor a.
Let 7 be a non zero finite dimensionnal representation of sl(d, C), of dimension r, and 7
Θn the Lie algebra tensor product representation
The representations η® n are extended as representations of the algebra U(d). Let v = tr (7 (H jk ) 7 {H kj )) for 1 < j < k < d, then the value of υ does not depend on (kj) and υ = ^tr (7 {H jj ) 7 (H jj )) for 1 < j < d (here tr is the normalized trace on M r (C)).
Let (y,ω) be the infinite product von Neumann algebra M r (C)®°° (with respect to the normalized trace on M r (C)) with the infinite product state ω, and define s n : U{d) -> y by s n {u) = -y® n {u) ® Id ® .... Proof. One has
The proof of the lemma is just an application of the usual central limit theorem to the commuting, self-adjoint centered random variables Θn+1 . We conclude that M d n is equal to ^= (ί d + ... +t£ -\ Id). For 1 < m < n let τ m be the image of the transposition (0, m) in the von Neumann algebra generated by the left regular representation of the symmetric group of {0,1,... , n}. This von Neumann algebra is a non commutative probability space, when equipped with the canonical trace. Proof. It is enough to prove that for any non trivial permutation σ the normalized trace of its action on the space (C rf )® n+1 goes to zero as d goes to infinity. But this trace is just ^r where c(σ) is the number of cycles of σ, as can be verified using the basis (e iλ ® . 
